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Hey= % (-V? + p?).
p? = x* + y*and h =m=uw = 1.

Griffith's Eg. 2.71:

Hn,; (&) = 2& Hn (&) - 2n Hn_,; (&)

In 2D cartesian coordinates, the del operator is defined

vEf = [d/3x £, d/dy f].
VZf = V.-VEf = V-[3/3x £, 3d/dy f]
= 3%/3x* £ + d%/9dy? f.

 V? = 93%/3%*x + 3%*/d%y.

Hoy= % (—(3%/3%x + 32/3%y) + (x? + y?)).

Hoy= % (—(3%/03%x + 32/3%y) + (x° + y?))
(x* — 3%/3%*x + y? — 23%/3%y)
(x? = 3%/3%x) + %(y? — 232/3%y).
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Hae+ Hy= %(x* — 3%/9%°x) + ¥%(y* — 3?/3%y).

The Schrodinger Equation then reads,

[16(x? — 32/3%x) + %(y? - 32/3%y)] W = (Eaxa+ Ey) V.
Assuming a separable solution ¥(x,y) = X(x) Y(y), with E = Eaxa+ Eg.
[B(x? — 32/3%x) + %(y® — 3%/3%y)] X(x) Y(y) = (Ea+ Ey) X(x) Y(y).

B(x? - 3%/9%x) X(x) Y(y) + ®(y? - 932/3%y) X(x) Y(y)
= (Ex+ Ey) X(x) Y(y).

[1/X(x)] [%(x? — 3%2/0%x) X(x)] + [1/Y(y)] [%(y? — 3%?/3%) Y(y)]
= (BEa+ Eg).

So, I have two differential equations,

B(x? — 3%/9%x) X(x) = EaxX(x), and
L(y? - 3%/9%y) Y(y) = EyY(y).

The solutions to these differential equations are the same as for the
1D harmonic oscillator. They have eigenvalues (n + 1/2), where h = w =
1, with n=0,1,2,...

. the eigenvalues for the combined operator are na+ ng+ 1.

The degeneracy is pretty obvious, just from counting the possibilities:
there is n+l degeneracy for each value of n = na+ ng.
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So,
n degeneracy
0 1
1 2
2 3
3 4
4 5
5 6

The Hermite polynomials help to generate the eigenstates of this:
Hn(x) = (-1)" exp(x?) d/dx" exp(-x?/2) = (2x - d/dx)™ * 1.

The first six polynomials are

= 1.

= 2x.

= 4x? - 2.
8x° - 12x.

16x* - 48x? + 12.
32x°% - 160x3® + 120x.
= 64x°® — 480x* + 720x?% - 120.
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The wave functions involving these polynomials, with the unitizations
given in the intro, are

Unm(x) = n”(-1/4) 1/¥Y (2" n!) Hn(x) exp(-x%/2)
n®(-1/4) 1/¥v (2™ m!) Hm(y) exp(-y?/2).

Unm(x) = 1/Yo 1/ (2" n! 2™ m!) Hn(x) Hm(y) exp(—(x2/2 + y?/2)).

The lowering operators are

ax= 1/Y2 (x + i1px) and
ay = 1/V2 (y + 1py) .

They are not hermitian, but x,y and p«,pyare, so the raising operators
are

ax* = 1/Y2 (x — 1pa) and
ayt* = 1/v2 (y - Lpy) .

Applying these to the ground state |00), I can find the first six
states, with normalization:

ax*|00) = 1/V2 (x — i1px)|00)
= 1/v2 (x]00) - i1p«]00))

b) & c)

I'm still working out the algebra, here. I will try to finish it as
soon as I can, but I know I also have new work to do.
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I finished much of this assignment, but need to get done faster in the
future.



